Abstract. A class of non-associative and non-coassociative generalizations of cobraided bialgebras, called cobraided Hom-bialgebras, is introduced. The non-(co)associativity in a cobraided Hom-bialgebra is controlled by a twisting map. Several methods for constructing cobraided Hombialgebras are given. In particular, Hom-type generalizations of FRT quantum groups, including quantum matrices and related quantum groups, are obtained. Each cobraided Hom-bialgebra comes with solutions of the operator quantum Hom-Yang-Baxter equations, which are twisted analogues of the operator form of the quantum Yang-Baxter equation. Solutions of the HomYang-Baxter equation can be obtained from comodules of suitable cobraided Hom-bialgebras. Hom-type generalizations of the usual quantum matrices coactions on the quantum planes give rise to non-associative and non-coassociative analogues of quantum geometry.
Introduction
This paper is part of an on-going effort [55, 56, 57, 58] to study twisted, Hom-type generalizations of the various Yang-Baxter equations and related algebraic structures, including Lie bialgebras and quantum groups. A Hom-type generalization of the Yang-Baxter equation (YBE) [6, 7, 50] , called the Hom-Yang-Baxter equation (HYBE), and its relationships to the braid relations and braid group representations [3, 4] were studied in [55, 56] . Hom versions of the classical Yang-Baxter equation [45, 46] and of Drinfel'd's Lie bialgebras [11, 13] were studied in [57] .
Hom-type generalizations of Drinfel'd's quasi-triangular (a.k.a. braided) bialgebras [13] , called quasi-triangular Hom-bialgebras, and of the quantum Yang-Baxter equation (QYBE) [12] , called the quantum Hom-Yang-Baxter equations (QHYBEs), were studied in [58] . To simplify the terminology, in this paper we refer to a quasi-triangular Hom-bialgebra as a braided Hom-bialgebra. We use the name Hom-quantum groups colloquially to refer to Hom-type generalizations of quantum groups. Since braided bialgebras are examples of quantum groups, braided Hom-bialgebras form a class of Hom-quantum groups. As discussed in [58] , examples of braided Hom-bialgebras include Hom versions of Drinfel'd's quantum enveloping algebras [13] . These Hom-quantum enveloping algebras are non-associative, non-coassociative, non-commutative, and non-cocommutative.
The main purpose of this paper is to study another class of Hom-quantum groups, called cobraided Hom-bialgebras, generalizing cobraided bialgebras [19, 25, 32, 43] . In the literature, a cobraided bialgebra is also called a dual quasi-triangular bialgebra and a co-quasi-triangular bialgebra. Cobraided bialgebras are important because, among other properties, they generate lots of solutions of the YBE via their comodules. Moreover, some cobraided bialgebras have interesting coactions on quantum spaces. Both of these properties of cobraided bialgebras are generalized to the Hom setting in this paper. As we discuss below, suitable cobraided Hom-bialgebras generate lots of solutions of the HYBE [55, 56] via their comodules. Moreover, Hom versions of certain quantum group coactions on the quantum planes lead to Hom-quantum geometry, a non-associative and non-coassociative generalization of quantum geometry.
A distinct feature of (co)braided Hom-bialgebras is that they are, in general, non-associative, noncoassociative, non-commutative, and non-cocommutative. The non-(co)associativity is controlled by a twisting map α. A cobraided bialgebra is an example of a cobraided Hom-bialgebra with α being the identity map. We will discuss several general methods for constructing classes of cobraided Hom-bialgebras.
Before we describe the results in this paper, let us first recall some basic ideas about Homtype objects. Roughly speaking, a Hom-type structure arises when one strategically replaces the identity map in the defining axioms of a classical structure by a general twisting map α. For example, in a Hom-associative algebra [35] , the multiplication satisfies the Hom-associativity axiom: α(x)(yz) = (xy)α(z). Similarly, in a Hom-Lie algebra, the bracket satisfies the Hom-Jacobi identity: [18] to describe the structures on some q-deformations of the Witt and the Virasoro algebras. Earlier precursors of Hom-Lie algebras can be found in [20, 30] . Hom-Lie algebras are closely related to deformed vector fields [2, 18, 27, 28, 29, 42, 44] and number theory [26] . Other papers concerning Hom-associative algebras, Hom-Lie algebras, and related Hom-type structures are [5, 8, 15, 16, 17, 21, 36, 37, 38, 51, 52, 53, 54, 55, 56, 57, 58] .
We now describe the main results of this paper. Precise definitions, statements of results, and proofs are given in later sections.
A cobraided bialgebra (A, R) [19, 25, 32, 43] consists of a bialgebra A and a bilinear form R ∈ Hom(A ⊗2 , k), called the universal R-form or the cobraiding form, satisfying three axioms. In section 2 we generalize cobraided bialgebras to cobraided Hom-bialgebras (Definition 2.5). The cobraiding form R in a cobraided bialgebra satisfies the operator quantum Yang-Baxter equation (OQYBE) (2.6.2). Likewise, we show that in a cobraided Hom-bialgebra, the bilinear form R satisfies two Hom-type generalizations of the OQYBE, called the operator quantum Hom-Yang-Baxter equations (OQHYBEs) (Theorem 2.7). The OQHYBEs are the operator forms of the QHYBEs studied in [58] . Some alternative characterizations of the axioms of a cobraided Hom-bialgebra are given at the end of section 2 (Theorems 2.8 and 2.9).
In sections 3 -6 we give some general procedures by which cobraided Hom-bialgebras can be constructed and provide specific examples of cobraided Hom-bialgebras. The first such procedure yields a family (usually infinite) of cobraided Hom-bialgebras A α from each cobraided bialgebra A, where α runs through the bialgebra endomorphisms on A (Theorem 3.1). The cobraided Hom-bialgebra A α is obtained from A by twisting its (co)multiplication along the map α, keeping the bilinear form R unchanged. A twisting procedure along these lines was first used in [52] to construct examples of Hom-associative and Hom-Lie algebras (Remark 3.3). As examples, we apply this twisting procedure to the quantum group M q (2) of quantum matrices (Example 3.4), the quantum general linear group GL q (2) (Example 3.5), the quantum special linear group SL q (2) (Example 3.6), the 2-parameter quantum group M p,q (2) (Example 3.7), and the non-standard quantum group M q (1|1) (Example 3.8). Since these quantum groups are non-commutative and non-cocommutative, the cobraided Hom-bialgebras obtained by twisting their (co)multiplications are simultaneously nonassociative, non-coassociative, non-commutative, and non-cocommutative.
One widely used method for constructing quantum groups is the so-called FRT construction [41] . Given an R-matrix (i.e., a solution of the YBE (4.1.1)) γ on a finite dimensional vector space V , the FRT construction yields a cobraided bialgebra A(γ), called an FRT quantum group (Definition 4.2), together with a non-trivial A(γ)-comodule structure on V (4.2.5). We show in section 4 that the first twisting procedure (Theorem 3.1) can be applied naturally to FRT quantum groups. In particular, we construct explicit bialgebra endomorphisms α on an arbitrary FRT quantum group A(γ) (Theorem 4.3). Together with Theorem 3.1, this result yields cobraided Hom-bialgebras A(γ) α , generalizing the FRT quantum group A(γ) (Corollary 4.4). As an example, we observe that the cobraided Hom-bialgebras M q (2) α (3.4.9), M p,q (2) α (3.7.3), and M q (1|1) α (3.8.3) can all be obtained this way (Example 4.5).
A second twisting procedure (Theorem 5.1) applies to a cobraided Hom-bialgebra A in which the twisting map α is injective. In this case, there is a sequence {A (n) } n≥1 of cobraided Hom-bialgebras with the same (co)multiplication and twisting map α as A. The cobraided Hom-bialgebra A (n) is obtained from A by twisting the bilinear form R by α n , i.e., by replacing R by R α n = R • (α n ⊗ α n ). As examples, we apply this twisting procedure (and Theorem 3.1) to quantum group bialgebras (Example 5.3), the anyon-generating quantum groups [31, 33] (Example 5.4), and an integral version of the anyon-generating quantum groups (Example 5.5).
In section 6 we study the duality between braided and cobraided Hom-bialgebras. In particular, we show that the dual of a finite dimensional braided Hom-bialgebra [58] (Definition 6.1) is a cobraided Hom-bialgebra, and vice versa (Theorem 6.3). As examples, we consider two finite dimensional versions of the quantum enveloping algebra U q (sl 2 ) [13, 24, 47] , denoted by U (r) q (sl 2 ) (Example 6.5) and u q (sl 2 ) (Example 6.6) [31, 33] . Using a twisting procedure in [58] (dual to Theorem 3.1), we obtain families of finite dimensional braided Hom-bialgebras U (r) q (sl 2 ) α (6.5.6) and u q (sl 2 ) α (6.6.4). Since the finite dimensional braided Hom-bialgebras U (r) q (sl 2 ) α and u q (sl 2 ) α are simultaneously non-associative, non-coassociative, non-commutative, and non-cocommutative, so are their dual cobraided Hom-bialgebras.
Every comodule over a cobraided bialgebra has a canonical solution (4.1.2) of the Yang-Baxter equation, induced by the comodule structure and the cobraiding form. In section 7 we show that every comodule (Definition 7.2) over a cobraided Hom-bialgebra with α-invariant R has a canonical solution of the HYBE (Corollary 7.5). Similar to the un-twisted case, a crucial ingredient in establishing this solution of the HYBE (see the proof of Lemma 7.8) is the fact that the bilinear form R in a cobraided Hom-bialgebra satisfies the OQHYBE (2.7.1).
In section 8 we study Hom-type, non-associative and non-coassociative analogues of quantum geometry. One aspect of quantum geometry consists of coactions of suitable quantum groups on the standard, fermionic, and mixed quantum planes (Definition 8.1). We consider Hom versions of the usual quantum matrices comodule algebra structures on these quantum planes (Example 8.3). We first twist each of these quantum planes into an infinite family of Hom-associative algebras, called the (standard, fermionic, or mixed) Hom-quantum planes (Example 8.6). Then we show that each such Hom-quantum plane is non-trivially a comodule Hom-algebra (Definition 8.4) over the cobraided Hom-bialgebras M q (2) α or M q (1|1) α (Examples 8.7 -8.9) constructed in section 3. Thus, we have multi-parameter families of Hom-type, non-(co)associative twistings of the usual quantum matrices coactions on the various quantum planes. The non-associativity refers to that of the multiplications in the cobraided Hom-bialgebras M q (2) α and M q (1|1) α and in the Hom-quantum planes. The noncoassociativity refers to that of the comultiplications in M q (2) α and M q (1|1) α and in the comodule structure map (7.2.1).
Cobraided Hom-bialgebras and operator QHYBEs
In this section, we define cobraided Hom-bialgebra (Definition 2.5), the main object of study in this paper. We show that each cobraided Hom-bialgebra has solutions of the Hom versions of the operator quantum Yang-Baxter equation (Theorem 2.7). At the end of this section, we give alternative characterizations of some of the defining axioms of a cobraided Hom-bialgebra (Theorems 2.8 and 2.9).
2.1. Conventions and notations. The conventions are the same as in [58] . We work over a fixed associative and commutative ring k of characteristic 0. Modules, tensor products, and linear maps are all taken over k. If V and W are k-modules, then τ : V ⊗ W → W ⊗ V denotes the twist isomorphism, τ (v ⊗ w) = w ⊗ v. For a map φ : V → W and v ∈ V , we sometimes write φ(v) as φ, v . If k is a field and V is a k-vector space, then the linear dual of V is V * = Hom(V, k). From now on, whenever the linear dual V * is in sight, we tacitly assume that k is a characteristic 0 field.
Given a bilinear map µ : V ⊗2 → V and elements x, y ∈ V , we often write µ(x, y) as xy and put in parentheses for longer products. For a map ∆ : V → V ⊗2 , we use Sweedler's notation [49] for comultiplication: ∆(x) = (x) x 1 ⊗ x 2 . To simplify the typography in computations, we often omit the subscript in (x) and even the summation sign itself.
Definition 2.2.
(1) A Hom-associative algebra [35] (A, µ, α) consists of a k-module A, a bilinear map µ : A ⊗2 → A (the multiplication), and a linear self-map α : A → A (the twisting map) such that:
(2) A Hom-coassociative coalgebra [36, 38] (C, ∆, α) consists of a k-module C, a linear map ∆ : C → C ⊗2 (the comultiplication), and a linear self-map α : C → C (the twisting map) such that:
A Hom-bialgebra [36, 53] is a quadruple (A, µ, ∆, α) in which (A, µ, α) is a Hom-associative algebra, (A, ∆, α) is a Hom-coassociative coalgebra, and the following condition holds:
In terms of elements, (2.2.3) means that
Observe that a Hom-bialgebra is neither associative nor coassociative, unless of course α = Id, in which case we have a bialgebra. Instead of (co)associativity, in a Hom-bialgebra we have Hom-
So, roughly speaking, the degree of non-(co)associativity in a Hom-bialgebra is measured by how far the twisting map α deviates from the identity map.
Example 2.3 (Twisting classical structures).
(1) If (A, µ) is an associative algebra and α : A → A is an algebra morphism, then A α = (A, µ α , α) is a Hom-associative algebra with the twisted multiplication µ α = α • µ [52] . Indeed, the Hom-associativity axiom
2 applied to the associativity axiom of µ. Likewise, both sides of the multiplicativity axiom α • µ α = µ α • α ⊗2 are equal to α 2 • µ. (2) Dually, if (C, ∆) is a coassociative coalgebra and α : C → C is a coalgebra morphism, then C α = (C, ∆ α , α) is a Hom-coassociative coalgebra with the twisted comultiplication ∆ α = ∆ • α. (3) A bialgebra is exactly a Hom-bialgebra with α = Id. More generally, combining the previous two cases, if (A, µ, ∆) is a bialgebra and α : A → A is a bialgebra morphism, then A α = (A, µ α , ∆ α , α) is a Hom-bialgebra. The compatibility condition (2.2.3) for ∆ α = ∆ • α and µ α = α • µ is straightforward to check.
Example 2.4 (Duality).
(1) Let (C, ∆, α) be a Hom-coassociative coalgebra and C * be the linear dual of C. Then we have a Hom-associative algebra (C * , ∆ * , α * ), where
for all φ, ψ ∈ C * and x ∈ C. This is checked in exactly the same way as for (co)associative algebras [ 
for all φ ∈ A * and x, y ∈ A [38, We are now ready to give the main definition of this paper. Definition 2.5. A cobraided Hom-bialgebra is a quintuple (A, µ, ∆, α, R) in which (A, µ, ∆, α) is a Hom-bialgebra and R is a bilinear form on A (i.e., R ∈ Hom(A ⊗2 , k)), satisfying the following three axioms for x, y, z ∈ A:
We call R the Hom-cobraiding form. We say that R is α-invariant
The notion of α-invariance will play a major role in section 7.
As the terminology suggests, cobraided Hom-bialgebras are dual to braided Hom-bialgebras [58] , at least in the finite dimensional case. We will prove this in Theorem 6.3. The axioms (2.5.1a) and (2.5.1b) can be interpreted as saying that R is a Hom version of a bialgebra bicharacter [34, p.51] . Axiom (2.5.1c) says that the multiplication µ is "almost commutative." Example 2.6. A cobraided bialgebra ( [19, 25, 32, 43] , [23, VIII.5] , [34, 2.2] ) (A, R) consists of a bialgebra A and a bilinear form R on A, called the universal R-form or the cobraiding form, such that the three axioms (2.5.1) hold for α = Id. In the literature, a cobraided bialgebra is usually assumed to have a unit and a counit, and the cobraiding form R is usually required to be invertible under the convolution product in Hom(A ⊗2 , k). In this paper, we never have to use the invertibility of the cobraiding form in a cobraided bialgebra. We will provide more examples of cobraided Hom-bialgebras in the next few sections.
We now study the connection between cobraided Hom-bialgebras and Hom versions of the operator quantum Yang-Baxter equation. Recall that the quantum Yang-Baxter equation (QYBE) [12] states
If (H, R) is a braided bialgebra [13] , then R ∈ H ⊗2 satisfies the QYBE, where R 12 = R ⊗ 1, R 23 = 1 ⊗ R, and R 13 = (τ ⊗ Id)(R 23 ). See, e.g., [34, Lemma 2.1.4] . Dually, in a cobraided bialgebra (A, R) (Example 2.6), the cobraiding form satisfies the operator quantum Yang-Baxter equation (OQYBE)
for x, y, z ∈ A. See, e.g., [34, Lemma 2.2.3] . This is a consequence of (2.5.1b) (with α = Id) and (2.5.1c).
The following result shows that the Hom-cobraiding form in a cobraided Hom-bialgebra satisfies two Hom-type generalizations of the OQYBE. 
called the operator quantum Hom-Yang-Baxter equations (OQHYBEs).
Proof. To prove (2.7.1), we compute as follows:
Similarly, to prove (2.7.2), we compute as follows: We end this section with some alternative characterizations of the axioms (2.5.1a) and (2.5.1b). Let (A, µ, ∆, α) be a Hom-bialgebra and R be an arbitrary bilinear form on A. Recall that A * = Hom(A, k) denotes the linear dual of A. Define the linear maps π 1 , π 
If A is finite dimensional, then the two statements above are also equivalent to the commutativity of the diagram
Proof. To prove the equivalence between (2.5.1a) and the commutativity of the diagram (2.8.1), note that the left-hand side in (2.5.1a) is
On the other hand, the right-hand side in (2.5.1a) is
Therefore, (2.5.1a) is equivalent to the equality
for all x, y, z ∈ A, which in turn is equivalent to the commutativity of the diagram (2.8.1).
For the second assertion, assume now that A is finite dimensional, so µ * is well-defined. Then the left-hand side in (2.5.1a) is
On the other hand, the right-hand side in (2.5.1a) is The following result is the analogue of Theorem 2.8 for the axiom (2.5.1b). Its proof is completely analogous to that of Theorem 2.9, so we will omit it.
Theorem 2.9. Let (A, µ, ∆, α) be a Hom-bialgebra and R be a bilinear form on A. With the notations (2.7.3), the following statements are equivalent:
is commutative, where
where
3. Twisting cobraided bialgebras into cobraided Hom-bialgebras
In this section, we give the first of three general methods for constructing cobraided Hombialgebras (Definition 2.5). We will twist the (co)multiplications in cobraided bialgebras [19, 25, 32, 43] (Example 2.6) along any bialgebra endomorphisms (Theorem 3.1). Under this twisting procedure, the bilinear form R stays the same. As a result, every cobraided bialgebra gives rise to a family (usually infinite) of cobraided Hom-bialgebras. We illustrate this twisting procedure with several quantum groups related to quantum matrices (Examples 3.4 -3.8). 
is a cobraided Hom-bialgebra, where µ α = α • µ and ∆ α = ∆ • α.
Proof. As discussed in Example 2.3, (A, µ α , ∆ α , α) is a Hom-bialgebra. It remains to check the three conditions (2.5.1) with multiplication µ α and comultiplication ∆ α .
For an element z ∈ A, we write ∆(z)
We use concatenation to denote the multiplication µ in A, so µ α (x, y) = α(xy) = α(x)α(y). Since A is a cobraided bialgebra, it satisfies
To check the axiom (2.5.1a), we compute as follows:
This proves (2.5.1a) for A α .
Similarly, one uses the property
This proves (2.5.1b) for A α .
Finally, to check the axiom (2.5.1c) in A α , we compute as follows:
In the above computation, we have = (α(x))(α(y)) . In the first and the third equalities, we used the linearity of α and the definition µ α = α • µ. Remark 3.2. In the proof of Theorem 3.1, we never used the (co)unit in the bialgebra A. Also, we do not need the invertibility of the bilinear form R in Hom(A ⊗2 , k).
Remark 3.3. In Theorem 3.1, an un-twisted structure is twisted along an endomorphism into a Hom-type structure. A twisting procedure along these lines was first employed in [52] to construct examples of Hom-associative and Hom-Lie algebras. It has been applied and generalized in [2, 5, 38, 53, 54, 57, 58] to construct other Hom-type algebras. As discussed in [16, 17] , this twisting procedure is also useful in understanding the structure of Hom-associative algebras.
We now give a series of examples that illustrate Theorem 3.1. For the rest of this section, we work over a field k of characteristic 0.
Example 3.4 (Hom-quantum matrices). This example is about a Hom version of the quantum group M q (2) of quantum matrices. It will play a major role in section 8 when we discuss Hom versions of quantum geometry. The quantum group M q (2) can be constructed using the FRT construction [41] and is discussed in many books on quantum groups, such as [9, Ch.7] Let us first recall the bialgebra structure of M q (2). Fix a scalar q ∈ k such that q Then the two pairs of variables (x ′ , y ′ ) and (x ′′ , y ′′ ) both satisfy the quantum commutation relation (3.4.1) if and only if the following six relations hold:
This is proved by a direct computation. The algebra M q (2) is defined as the quotient k{a, b, c, d}/(3.4.3), i.e., the unital associative algebra generated by a, b, c, and d with relations (3.4.3). Of course, this definition of the algebra M q (2) does not require the quantum commutation relation. However, the relations (3.4.3) become more intuitive and geometric when considered with the quantum commutation relation for the variables (x ′ , y ′ ) and (
The algebra M q (2) becomes a bialgebra when equipped with the comultiplication ∆ determined by
i.e.,
Note that the bialgebra M q (2) is both non-commutative (for q = 1) and non-cocommutative. The matrix notation (3.4.4) for morphisms will be used several more times in the rest of this paper.
The bialgebra M q (2) becomes a cobraided bialgebra (Example 2.6) when equipped with the cobraiding form R :
The bilinear form R is extended to all of M q (2) ⊗2 using
and the axioms (2.5.1a) and (2.5.1b) (with α = Id).
We now twist the cobraided bialgebra M q (2) into an infinite family of cobraided Hom-bialgebras using Theorem 3.1. Let λ be any invertible scalar in k. Define the map α = α λ :
extended multiplicatively to all of M q (2). The map α is indeed a well-defined algebra morphism because it preserves the six relations in (3.4.3). Moreover, it satisfies α
Thus, α is a bialgebra morphism on M q (2). It is invertible with inverse α λ −1 . By Theorem 3.1 we have a cobraided Hom-bialgebra
where µ denotes the multiplication in M q (2). Using (3.4.4) and (3.4.8) the twisted comultiplication ∆ α = α ⊗2 • ∆ is given on the generators by
It follows from (3.4.6), (3.4.7), and (3.4.8) that the bilinear form R is α-invariant, i.e, R = R • α ⊗2 .
Letting λ run through the invertible scalars in k, we thus have an infinite, 1-parameter family M q (2) α of cobraided Hom-bialgebra twistings of the quantum group M q (2). Since M q (2) is noncommutative (provided q = 1) and non-cocommutative, so is each cobraided Hom-bialgebra M q (2) α , which is also non-associative and non-coassociative.
In Example 4.5 below, we will consider the cobraided Hom-bialgebras M q (2) α in a more general context. 
It follows from the relations (3.4.3) and (3.4.5) that the quantum determinant lies in the center of M q (2) and is group-like, i.e., ∆(det q ) = det q ⊗ det q . The quantum general linear group is obtained from M q (2) by adjoining an inverse to the quantum determinant. More precisely, let t be a variable that commutes with each of a, b, c, and d. The quantum general linear group is defined as the algebra
The formulas (3.4.5), (3.4.6), and (3.4.7) give GL q (2) the structure of a cobraided bialgebra (Example 2.6).
For any invertible scalar λ ∈ k, the map α = α λ defined in (3.4.8) extends to a bialgebra automorphism on GL q (2) if we define α(t) = t. Indeed, we only need to see that α preserves the relation tdet q = 1. This is true because α(1) = 1, α(t) = t, and
Thus, by Theorem 3.1 we have a cobraided Hom-bialgebra
with an α-invariant Hom-cobraiding form R (3.4.6).
Letting λ run through the invertible scalars in k, we thus have an infinite, 1-parameter family GL q (2) α of cobraided Hom-bialgebra twistings of the quantum general linear group GL q (2). Since GL q (2) is non-commutative (provided q = 1) and non-cocommutative, so is each cobraided Hombialgebra GL q (2) α , which is also non-associative and non-coassociative. Example 3.6 (Hom-quantum special linear groups). The quantum special linear group is the quotient algebra
where det q is as in (3.5.1). The formulas (3.4.5), (3.4.6), and (3.4.7) give SL q (2) the structure of a cobraided bialgebra (Example 2.6). For each invertible scalar λ ∈ k, the map α = α λ (3.4.8) induces a bialgebra automorphism on SL q (2) because of (3.5.2). Thus, by Theorem 3.1 we have a cobraided Hom-bialgebra
Letting λ run through the invertible scalars in k, we thus have an infinite, 1-parameter family SL q (2) α of cobraided Hom-bialgebra twistings of the quantum special linear group SL q (2). Since SL q (2) is non-commutative (provided q = 1) and non-cocommutative, so is each cobraided Hombialgebra SL q (2) α , which is also non-associative and non-coassociative.
There are interesting variations of the quantum group M q (2) in Example 3.4. In the next two examples, we demonstrate that our twisting procedure (Theorem 3.1) applies just as well to these non-standard quantum groups. 
Then the algebra M p,q (2) is defined as the quotient k{a, b, c, d}/(3.7.1). It becomes a bialgebra when equipped with the comultiplication ∆ given in (3.4.4). In particular, if p = q, then M p,q (2) is the bialgebra M q (2). The bialgebra M p,q (2) becomes a cobraided bialgebra when equipped with the bilinear form R :
It is extended to all of M p,q (2) ⊗2 by (3.4.7) and the axioms (2.5.1a) and (2.5.1b) (with α = Id).
Given any invertible scalar λ ∈ k, there is a bialgebra morphism
It is well-defined because it preserves the six relations (3.7.1), and it is compatible with the comultiplication ∆. By Theorem 3.1 we have a cobraided Hom-bialgebra
in which the twisted comultiplication ∆ α is given on the generators as in (3.4.10). The bilinear form R (3.7.2) is α-invariant.
Letting λ run through the invertible scalars in k, we thus have an infinite, 1-parameter family M p,q (2) α of cobraided Hom-bialgebra twistings of the 2-parameter quantum group M p,q (2). Since M p,q (2) is non-commutative (provided p = 1 or q = 1) and non-cocommutative, so is each cobraided Hom-bialgebra M p,q (2) α , which is also non-associative and non-coassociative. Example 3.8 (Non-standard Hom-quantum matrices). This example is about a non-standard variation M q (1|1) of M q (2). The references are [22, 41] and [34, Example 4.2.13]. Let q be an invertible scalar in k with q 2 = −1. Consider the following relations:
Then the algebra M q (1|1) is defined as the quotient k{a, b, c, d}/(3.8.1). It becomes a bialgebra when equipped with the comultiplication ∆ in (3.4.4). Moreover, M q (1|1) becomes a cobraided bialgebra when equipped with the bilinear form R :
It is extended to all of M q (1|1) ⊗2 by (3.4.7) and the axioms (2.5.1a) and (2.5.1b) (with α = Id).
Given any invertible scalar λ ∈ k, there is a bialgebra morphism α = α λ :
It is well-defined because it preserves all the relations in (3.8.1), and it is compatible with the comultiplication ∆. By Theorem 3.1 we have a cobraided Hom-bialgebra
in which the twisted comultiplication ∆ α is given on the generators as in (3.4.10). The bilinear form
Letting λ run through the invertible scalars in k, we thus have an infinite, 1-parameter family M q (1|1) α of cobraided Hom-bialgebra twistings of the non-standard quantum group M q (1|1). Since M q (1|1) is non-commutative and non-cocommutative, so is each cobraided Hom-bialgebra M q (1|1) α , which is also non-associative and non-coassociative.
We will revisit this example in section 8 when we discuss Hom versions of quantum geometry.
FRT Hom-quantum groups
In this section, we show that the twisting procedure in Theorem 3.1 applies naturally to a large class of quantum groups, namely, the FRT quantum groups. We will construct explicit bialgebra morphisms on each FRT quantum group (Theorem 4.3), so Theorem 3.1 can then be applied (Corollary 4.4).
Let us first recall some relevant definitions. Throughout this section, we work over a field k of characteristic 0. Definition 4.1. Let V be a vector space and γ : V ⊗2 → V ⊗2 be a linear automorphism. We say that γ is an R-matrix if it satisfies the Yang-Baxter equation (YBE)
The YBE was introduced in the work of McGuire, Yang [50] , and Baxter [6, 7] in statistical mechanics. Drinfel'd's braided bialgebras [13] and the dual objects of cobraided bialgebras (Example 2.6) were introduced partly to construct R-matrices in their (co)modules. A Hom-type analogue of the YBE, called the Hom-Yang-Baxter equation (HYBE), was studied in [55, 56, 58] . Solutions of the HYBE associated to comodules of cobraided Hom-bialgebras will be discussed in section 7. A Hom version of the classical YBE (CYBE) [13, 45, 46] was studied in [57] . The reader may consult [40] for discussions of the YBE, the CYBE, the QYBE (2.6.1), and their uses in physics.
Suppose that (A, R) is a cobraided bialgebra and that V is an A-comodule with structure map ρ.
The FRT construction [41] goes in the other direction. It associates to each R-matrix on a finite dimensional vector space V a cobraided bialgebra that coacts non-trivially on V , from which the R-matrix can be recovered as B V,V (4.1.2). Let us now recall the details of the FRT construction from [41] . Expositions on the FRT construction can be found in, e.g, [23, VIII.6] and [34, Ch.4.1].
Let V be a finite dimensional vector space with a basis {v 1 , . . . , v N }. Let γ : V ⊗2 → V ⊗2 be an R-matrix on V whose structure constants {c mn ij } are determined by
Definition 4.2 (FRT quantum groups). Define the k-algebra
where the relations (for i, j, m, n ∈ {1, . . . , N }) are defined as
The algebra A(γ) becomes a bialgebra when equipped with the comultiplication
The bialgebra A(γ) becomes a cobraided bialgebra when equipped with the cobraiding form
It is extended to all of A(γ) ⊗2 using (2.5.1a) and (2.5.1b) (with α = Id). The cobraided bialgebra A(γ) is called the FRT quantum group associated to γ.
The R-matrix γ can be recovered from the A(γ)-comodule structure ρ :
Indeed, with this A(γ)-comodule structure, it follows from (4.1.3) and (4.2.4) that γ = B V,V (4.1.2). Therefore, every R-matrix on a finite dimensional vector space V must be of the form B V,V for some cobraided bialgebra coacting on V .
We would like to apply the twisting procedure in Theorem 3.1 to the FRT quantum groups. In the following result, we construct some explicit bialgebra endomorphisms on A(γ), for which Theorem 3.1 can then be applied. 
for all i, j, m, n ∈ {1, . . . , N }. Then the following statements hold.
(1) There is a bialgebra morphism α A : A(γ) → A(γ) determined by
for all i and j.
for all i. Then we have
Proof. Consider the first assertion. To show that α A is an algebra morphism, we need to prove that α A preserves the relations (4.2.2). This is proved by the following computation, where = N k,l=1 :
Since ∆ (4.2.3) is also an algebra morphism, to show that α A is compatible with ∆ it suffices to consider the algebra generators
). This shows that α A is a bialgebra morphism.
Next we prove R = R • α 
For the last assertion, consider the first equality in (4.3.3). We have
proving the first equality in (4.3.3) . For the second equality in (4.3.3), we have
Applying Theorem 3.1 to the cobraided bialgebra A(γ) and the bialgebra morphism α A (4.3.2), we obtain the following result.
Corollary 4.4. With the same hypotheses as in Theorem 4.3, there is a cobraided Hom-bialgebra
The Hom-cobraiding form R (4.2.4) is α-invariant. The twisted comultiplication is given by
We call A(γ) α an FRT Hom-quantum group. We now observe that the cobraided Hombialgebras M q (2) α (3.4.9), M p,q (2) α (3.7.3), and M q (1|1) α (3.8.3) are all FRT Hom-quantum groups.
Example 4.5 (Hom-quantum matrices as FRT Hom-quantum groups). The quantum group M q (2) = k{a, b, c, d}/(3.4.3) in Example 3.4 is actually the FRT quantum group associated to the sl 2 R-matrix γ in (3.4.6). Here the sl 2 R-matrix is considered as a map γ : V ⊗2 → V ⊗2 , where V is 2-dimensional with a basis {v 1 , v 2 }. The vector space V ⊗2 is given the basis
To see that the relations for these two sets of generators also coincide, note that most of the structure constants c Similarly, the cobraided Hom-bialgebras M p,q (2) α (3.7.3) and M q (1|1) α (3.8.3) are also FRT Hom-quantum groups, where the R-matrices are (3.7.2) and (3.8.2), respectively. The proof that M p,q (2) and M q (1|1) are the FRT quantum groups associated to these R-matrices is similar to the M q (2) case and can be found in, e.g., [34 
Cobraided Hom-bialgebras with injective twisting maps
In this section, we give the second general method for constructing cobraided Hom-bialgebras (Definition 2.5). In Theorem 3.1 we twist the (co)multiplication in a cobraided bialgebra (Example 2.6) along a bialgebra endomorphism, keeping the bilinear form R the same. Here we start with a cobraided Hom-bialgebra and twist its Hom-cobraiding form R by α n when α is injective (Theorem 5.1), keeping the (co)multiplication the same. The result is a sequence of cobraided Hombialgebras, one for each n ≥ 1, with the same (co)multiplication and twisting map as the original cobraided Hom-bialgebra. Applied to cobraided bialgebras and injective bialgebra endomorphisms, these two twisting procedures allow one to twist both the (co)multiplication and the bilinear form R simultaneously (Corollary 5.2). We illustrate this twisting procedure with quantum group bialgebras (Example 5.3) and the (integral) anyon-generating quantum groups (Examples 5.4 and 5.5).
Theorem 5.1. Let (A, µ, ∆, α, R) be a cobraided Hom-bialgebra with α injective. Then
is also a cobraided Hom-bialgebra for each n ≥ 1, where
Proof. By induction it suffices to consider the case n = 1. We must check the three conditions (2.5.1) for A (1) , i.e., with
First we check (2.5.1a) for A (1) . Let x, y, and z be elements in A. Using the (co)multiplicativity of α and (2.5.1a) for A, we compute as follows:
This proves (2.5.1a) for A (1) . The condition (2.5.1b) for A (1) is checked by essentially the same computation, using (2.5.1b) for A instead. Notice that the injectivity assumption of α has not been used yet.
The condition (2.5.1c) for A (1) means the equality
in A. Since α is injective, it follows that (5.1.1) holds if and only if the two sides are equal after applying α. Using the (co)multiplicativity and linearity of α and (2.5.1c) of A, we compute as follows, where the obvious summation signs are omitted:
This proves that the images under α of the two sides in (5.1.1) are equal, as desired.
Combining Theorems 3.1 and 5.1, we obtain the following result.
Corollary 5.2. Let (A, µ, ∆, R) be a cobraided bialgebra and α : A → A be an injective bialgebra morphism. Then A
is a cobraided Hom-bialgebra for each n ≥ 1, where
We now give some examples illustrating 
Let us first describe a (not-necessarily invertible) cobraiding form on kG (Example 2.6). Thinking of kG⊗ kG as kG 2 , where G 2 = G× G, a bilinear form on kG is equivalent to a function R : G 2 → k. The axioms (2.5.1a) and (2.5.1b) (with α = Id) are equivalent to R(uv, w) = R(u, w)R(v, w) and R(u, vw) = R(u, w)R(u, v) (5.3.1)
for all u, v, w ∈ G. The axiom (2.5.1c) is equivalent to
in kG for all u, v ∈ G, which in turn is equivalent to
Note that if G is an abelian group, then (5.3.2) holds automatically. So a (not-necessarily invertible) cobraiding form on kG is equivalent to a function R : G 2 → k that satisfies (5.3.1) and (5.3.2). Fix such a cobraiding form R for the rest of this example, and consider the cobraided bialgebra (kG, R).
Let α : G → G be a group morphism. Then it extends naturally to a bialgebra morphism α : kG → kG with α ( u c u u) = u c u α(u). By Theorem 3.1 there is a cobraided Hom-bialgebra
in which the twisted comultiplication is determined by ∆ α (u) = α(u) ⊗ α(u) for u ∈ G.
Suppose, in addition, that the group morphism α : G → G is injective. Then the induced bialgebra morphism α : kG → kG is also injective. By Corollary 5.2 there is a cobraided Hom-bialgebra
In other words, the twisted Hom-cobraiding form R α n is the function G 2 → k given by
for u, v ∈ G. We will revisit this example in Example 6.4 below.
The following examples are interesting special cases of Example 5.3.
Example 5.4 (Anyon-generating Hom-quantum groups). In this example, we apply Theorem 3.1 and Corollary 5.2 to the anyon-generating quantum group [31, 33] , using part of the discussion in Example 5.3. Here k = C is the field of complex numbers and G = Z/n is the additive cyclic group of order n. We consider the group bialgebra CZ/n.
Let ζ denote the primitive nth root of unity e 2πi/n . Then the function R : Fix an integer k ∈ {1, . . . , n − 1}. There is a bialgebra endomorphism α = α k on CZ/n, extending the group morphism α k : Z/n → Z/n, α k (1) = k.
By Theorem 3.1 there is a cobraided Hom-bialgebra
in which the twisted comultiplication is determined by ∆ α (a) = ka ⊗ ka for a ∈ Z/n.
Suppose, in addition, that k and n are relatively prime, so the map α k is bijective (and hence injective). By Corollary 5.2 there is a cobraided Hom-bialgebra (CZ/n)
for a, b ∈ {0, 1, . . . , n − 1}. We will revisit this example in Example 6.4 below. Fix any non-zero integer k. There is an injective bialgebra endomorphism α = α k on kZ, extending the injective group morphism
By Theorem 3.1 and Corollary 5.2, there is a cobraided Hom-bialgebra
for each t ≥ 0, where R α t = R • (α t ⊗ α t ) with α 0 = Id. As in (5.4.3), the twisted Hom-cobraiding form R α t is the function Z 2 → k given by
for m, n ∈ Z.
Duality with braided Hom-bialgebras
The purpose of this section is to establish a duality correspondence between finite dimensional braided Hom-bialgebras (Definition 6.1) and finite dimensional cobraided Hom-bialgebras (Definition 2.5). This result provides further examples of cobraided Hom-bialgebras. As examples, we consider two finite dimensional quotients of the quantum enveloping algebra U q (sl 2 ) (Examples 6.5 and 6.6). Throughout this section, k is a field of characteristic 0.
Let us first recall the definition of a braided Hom-bialgebra. Definition 6.1. A braided Hom-bialgebra is a quintuple (A, µ, ∆, α, R) in which (A, µ, ∆, α) is a Hom-bialgebra (Definition 2.2) and R ∈ A ⊗2 satisfies the following three axioms:
for all x ∈ A. Here if R = s i ⊗ t i , then R 13 R 23 and R 13 R 12 are defined as the 3-tensors:
We call R the Hom-braiding element. We say that R is α-invariant if α ⊗2 (R) = R.
Some remarks are in order.
Remark 6.2.
(1) A braided bialgebra (A, R), called a quasi-triangular bialgebra in [13] , consists of a bialgebra A and an element R ∈ A ⊗2 such that the three conditions in (6.1.1) are satisfied for α = Id. The element R is called the universal R-matrix or the braiding element. In the literature, one usually assumes that R is invertible. However, in this paper and [58] , we never have to use the invertibility of the braiding elements. (2) A braided Hom-bialgebra is slightly more general than a quasi-triangular Hom-bialgebra in [58] , which is also assumed to have a specific weak unit c ∈ A. The concept of a weak unit was introduced in [16] . In a Hom-associative algebra (Definition 2.2), a weak unit is an element c ∈ A such that α(x) = cx = xc for all x ∈ A. Given such a weak unit, one can define the 3-tensors,
generalizing the corresponding elements in the QYBE (2.6.1). In this case, the products R 13 R 23 and R 13 R 12 (computed in each tensor factor using the multiplication in A) coincide with the elements (6.1.2) given in Definition 6.1. Dual to a weak unit is the concept of a weak counit. For a Hom-coassociative coalgebra (C, ∆, α), one defines a weak counit as a linear map η : C → k such that
as maps C → C. The duality correspondence (Theorem 6.3) restricts to a correspondence between finite dimensional quasi-triangular Hom-bialgebras and finite dimensional cobraided Hom-bialgebras with a weak counit.
To describe the duality correspondence of finite dimensional (co)braided Hom-bialgebras, first recall the double-dual isomorphism. If V is a finite dimensional k-vector space, then there is a linear isomorphism from V to its double-dual (V * ) * = Hom(V * , k), given by evaluation:
for v ∈ V . With a slight abuse of notation, we write −, v ∈ (V * ) * also as v. Also recall from Example 2.4 that, if (A, µ, ∆, α) is a finite dimensional Hom-bialgebra, then so is (A * , ∆ * , µ * , α * ), where ∆ * , µ * , and α * are defined in (2.4.1) and (2.4.2).
We are now ready for the promised duality correspondence.
Theorem 6.3. Let (A, µ, ∆, α) be a finite dimensional Hom-bialgebra and R be an element in
A ⊗2 . Then (A, µ, ∆, α,
R) is a braided Hom-bialgebra if and only if
Proof. To prove the first assertion, we must show that R ∈ A ⊗2 is a Hom-braiding element if and
is a Hom-cobraiding form (Definition 2.5). We show that the three conditions in (6.1.1) correspond to those in (2.5.1).
Let us begin with (2.5.1a). Write R = s i ⊗ t i , and pick arbitrary elements φ, ψ, χ ∈ A * . Then the left-hand side in (2.5.1a) for A * is:
Similarly, the right-hand side in (2.5.1a) for A * is:
We conclude that (2.5.1a) holds for A * if and only if
for all φ, ψ, χ ∈ A * , which is equivalent to (6.1.1a) for A.
An argument similar to the one in the previous paragraph shows that (2.5.1b) for A * is equivalent to (6.1.1b) for A.
Finally, for φ, ψ ∈ A * and x ∈ A, the left-hand side in (2.5.1c) for A * (evaluated at x) is:
Similarly, the right-hand side in (2.5.1c) for A * (evaluated at x) is:
Thus, (2.5.1c) holds for A * if and only if
for all φ, ψ ∈ A * and x ∈ A. This is equivalent to (6.1.1c) for A. This finishes the proof of the first assertion.
For the second assertion, we have that
for all φ, ψ ∈ A * . This in turn is equivalent to
for all φ, ψ ∈ A * , which is equivalent to R = α ⊗2 (R).
By Theorem 6.3 the linear dual of a finite dimensional braided Hom-bialgebra is a cobraided Hombialgebra, and vice versa. Moreover, the notion of α-invariance is preserved by this duality. This result gives us another way to construct (co)braided Hom-bialgebras. We now give some examples of finite dimensional (co)braided Hom-bialgebras. In each of the following two examples, we construct an infinite family of braided Hom-bialgebras from a finite dimensional quotient of the quantum enveloping algebra U q (sl 2 ) [13, 24, 47] . . The ground field is C. Let r > 1 be an integer and q ∈ C be a primitive (2r)th root of unity. As a unital C-algebra, U (r) q (sl 2 ) is generated by variables X + , X − , K, and K −1 , where K and K −1 are inverses of each other, with relations:
(6.5.1)
These relations imply that the algebra U (r) q (sl 2 ) is finite dimensional. It becomes a bialgebra when equipped with the comultiplication determined by
q (sl 2 ) is a braided bialgebra whose braiding element is
To construct Hom versions of the braided bialgebra U Now we apply this twisting procedure to the braided bialgebra U (r) q (sl 2 ). Let λ ∈ C be any invertible scalar. Consider the map α = α λ :
To see that α defines a bialgebra morphism on U (r) q (sl 2 ), first note that α preserves all the relations in (6.5.1). So α defines an algebra morphism on U (r) q (sl 2 ). It follows from (6.5.2) that α ⊗2 • ∆ coincides with ∆ • α when applied to the generators X ± and K ±1 . Since both α and ∆ are algebra morphisms, this implies that α is also a coalgebra morphism, and hence a bialgebra morphism.
Thus, for each invertible scalar λ, we have a braided Hom-bialgebra
The twisted comultiplication is determined by
Letting λ run through the invertible elements in C, we can consider U (r) q (sl 2 ) α as an infinite, 1-parameter family of braided Hom-bialgebra twistings of the braided bialgebra U Finally, observe that the element R (6.5.3) is α-invariant. Indeed, first consider the factor R K (6.5.4). Since α(K) = K, it follows that α ⊗2 (R K ) = R K . For the other factor in R, we have
This shows that α ⊗2 fixes the other factor in R as well, so R is α-invariant. By Theorem 6.3 the bilinear form R on the dual U (r) q (sl 2 ) * α is also α-invariant.
Example 6.6 (Reduced Hom-quantum enveloping algebras II). This example is about another finite dimensional quotient u q (sl 2 ) of U q (sl 2 ) ( [31] and [34, Example 3.4.3] ). Working over C, let l > 1 be an odd integer and q ∈ C be a primitive lth root of unity. The unital C-algebra u q (sl 2 ) is generated by the variables E, F , g, and g −1 , where g and g −1 are inverses of each other, with relations:
(6.6.1)
These relations imply that the algebra u q (sl 2 ) is finite dimensional. It becomes a bialgebra when equipped with the comultiplication determined by
Moreover, the bialgebra u q (sl 2 ) is a braided bialgebra whose braiding element is
where (n) q −2 ! is defined in (6.5.4).
Now we twist the braided bialgebra u q (sl 2 ) into an infinite family of braided Hom-bialgebras. For each invertible scalar λ ∈ C, consider the map α = α λ :
It follows from the relations (6.6.1) and the definition (6.6.2) of ∆ that α is a well-defined bialgebra morphism. As in the previous example, we thus have a braided Hom-bialgebra 6.4) in which the twisted comultiplication is determined by
Moreover, the element R (6.6.3) is α-invariant because α(g) = g and
Letting λ run through the invertible elements in C, we can consider u q (sl 2 ) α as an infinite, 1-parameter family of braided Hom-bialgebra twistings of the braided bialgebra u q (sl 2 ). By Theorem 6.3 the dual u q (sl 2 ) * α of each u q (sl 2 ) α is a cobraided Hom-bialgebra with α-invariant R.
Solutions of the HYBE from cobraided Hom-bialgebras
Each comodule V of a cobraided bialgebra has a canonical solution B V,V (4.1.2) of the YangBaxter equation (4.1.1). In this section, we generalize this important fact to the Hom setting. In particular, we show that every comodule over a cobraided Hom-bialgebra with an α-invariant Homcobraiding form (Definition 2.5) has a canonical solution of the Hom-Yang-Baxter equation (HYBE) (Corollary 7.5). Let us first recall the HYBE. 
where B : V ⊗2 → V ⊗2 is a bilinear map that commutes with α ⊗2 . In this case, we say that B is a solution of the HYBE for (V, α).
The YBE (4.1.1) is the special case of the HYBE (7.1.1) in which α = Id. Solutions of the YBE are important because, among other properties, they give rise to braid group representations. This is still true for solutions of the HYBE. In fact, it is shown in [55, Theorem 1.4] that every solution of the HYBE gives rise to operators that satisfy the braid relations [3, 4] . When α and B are both invertible, these operators give rise to a corresponding representation of the braid group. Many examples of solutions of the HYBE can be found in [55, 56] . Moreover, it is shown in [58] that each module over a braided Hom-bialgebra with an α-invariant braiding element has a non-trivial solution of the HYBE.
In order to generalize the solutions of the YBE associated to comodules of cobraided bialgebras, we need a suitable notion of comodules in the Hom setting.
Definition 7.2.
(1) A Hom-module is a pair (V, α) consisting of a k-module V and a linear map α.
(2) Let (C, ∆, α C ) be a Hom-coassociative coalgebra (Definition 2.2). By a C-comodule we mean a Hom-module (M, α M ) together with a linear map ρ :
and
The conditions (7.2.1) and (7.2.2) are referred to as Hom-coassociativity and comultiplicativity, respectively.
is a Hom-coassociative coalgebra, then (C, α) is a C-comodule with structure map ρ = ∆. (2) Let (C, ∆) be a coassociative coalgebra and M be a C-comodule (in the usual sense) with structure map ρ : M → C ⊗ M . Suppose that α C : C → C is a coalgebra morphism and
To state the main results of this section, we need some notations. Let (A, µ, ∆, α, R) be a cobraided Hom-bialgebra (Definition 2.5), and let V be an A-comodule with structure map
Let W be another A-comodule with structure map ρ W . Essentially as in (4.1.2), define the map
for v ∈ V and w ∈ W . In other words, the map B V,W is defined by insisting that the following diagram be commutative:
Recall that the Hom-cobraiding form R is said to be α-invariant if R = R • α ⊗2 .
Theorem 7.4. Let (A, µ, ∆, α, R) be a cobraided Hom-bialgebra with an α-invariant Hom-cobraiding form R. Let U , V , and W be A-comodules. Then:
(1) The operator B V,W (7.3.1) commutes with α, i.e.,
holds.
Before we give the proof of Theorem 7.4, let us first record the following special cases.
Corollary 7.5. Let (A, µ, ∆, α, R) be a cobraided Hom-bialgebra with an α-invariant Hom-cobraiding form R, and let (V, α V ) be an A-comodule. Then the map B V,V :
Proof. Setting U = V = W in Theorem 7.4, the equalities (7.4.1) and (7.4.2) say that B V,V commutes with α ⊗2 V and that B V,V satisfies the HYBE (7.1.1), respectively.
In other words, every comodule of a cobraided Hom-bialgebra with α-invariant R has a canonical solution B V,V of the HYBE. We have given a number of examples of cobraided Hom-bialgebras with an α-invariant Hom-cobraiding form, for which Corollary 7.5 can be applied. These cobraided Hom-bialgebras include the Hom-quantum matrices M q (2) α (3.4.9), the Hom-quantum general linear groups GL q (2) α (3.5.3), the Hom-quantum special linear groups SL q (2) α (3.6.1), the 2-parameter Hom-quantum groups M p,q (2) α (3.7.3), the non-standard Hom-quantum groups M q (1|1) α (3.8.3), and the duals of the reduced Hom-quantum groups U (r) q (sl 2 ) α (6.5.6) and u q (sl 2 ) α (6.6.4).
The following result is a useful special case of Corollary 7.5. We will use it in Examples 8.7 -8.9. Corollary 7.6. Let (A, R) be a cobraided bialgebra and α : A → A be a bialgebra morphism such that R = R • α ⊗2 . Let V be an A-comodule with structure map ρ and
Proof. We know that (V, α V ) is an A α -comodule with structure map ρ α = ρ • α V (Example 7.3), where A α is the cobraided Hom-bialgebra (A, µ α , ∆ α , α, R) (Theorem 3.1). Since R is α-invariant, by Corollary 7.5 there is a solution B V,V of the HYBE for (V, α V ). The operator B V,V takes the form B α (7.6.1) by the α-invariance of R and because
In Corollary 7.6, if α = Id : A → A, then R = R • α ⊗2 holds automatically. Moreover, the condition (Id ⊗ α V ) • ρ = ρ • α V means exactly that α V is a morphism of A-comodules. Therefore, we have the following special case of Corollary 7.6. Corollary 7.7. Let (A, R) be a cobraided bialgebra, V be an A-comodule, and α V : V → V be a morphism of A-comodules. Then the map B α (7.6.1) is a solution of the HYBE for (V, α V ).
The rest of this section is devoted to the proof of Theorem 7.4.
Proof of Theorem 7.4 . In order to simplify the typography, we will often omit the subscripts in the maps α V , etc. To prove (7.4.1), pick v ∈ V , w ∈ W and compute as follows:
This proves that B V,W commutes with α.
To prove (7.4.2), let z = u ⊗ v ⊗ w be a typical generator in U ⊗ V ⊗ W . In the two lemmas below, we will show that both sides in (7.4.2), when applied to z, give
In the 3-tensor θ, the subscripts 1 and 2 refer to the comultiplication in A, i.e., ∆(u A ) = (u A ) 1 ⊗ (u A ) 2 , and so on. It remains to prove the two lemmas below.
Lemma 7.8. We have
where θ is defined in (7.7.1).
Proof. This proof is a long computation, but it is conceptually elementary.
Indeed, we have:
This proves (7.8.1).
Now we apply α W ⊗ B U,V to (7.8.1):
In the third equality above, we used the α-invariance of R and (2.2.1). The 3-tensor z ′ is defined in (7.7.2). Applying the OQHYBE (2.7.1) to the previous line, we continue the above computation:
The previous line is equal to θ (7.7.1), thereby finishing the proof.
Lemma 7.9. We have
Proof. With z = u ⊗ v ⊗ w, first we claim that
.1) and (7.2.2).
The previous line is equal to the right-hand side in (7.9.1) by (2.5.1a).
Now apply B V,W ⊗ α U to (7.9.1):
= θ by α-invariance.
In the third equality above, we used the α-invariance of R and (2.2.1).
This completes the proof of Theorem 7.4.
Hom-quantum geometry
The purpose of this section is to discuss Hom-quantum geometry, focusing on Hom-type, nonassociative and non-coassociative analogues of the quantum matrices coactions on the quantum planes (Example 8.3). We use the phrase Hom-quantum geometry loosely to refer to Hom-type analogues of quantum group (co)actions on quantum spaces, such as the quantum planes. The quantum matrices considered in this section are the quantum groups M q (2) (Example 3.4) and M q (1|1) (Example 3.8) encountered in section 3. The quantum planes are quantum, non-commutative versions of the affine plane k[x, y] (Definition 8.1).
We give a general twisting procedure, similar to Theorem 3.1, by which comodule algebras are twisted into their Hom-type analogues (Theorem 8.5). Then we use it to construct multi-parameter, infinite families of non-associative and non-coassociative twistings of the usual M q (2)-comodule algebra structures on the standard and the fermionic quantum planes (Examples 8.7 and 8.8). We also construct an infinite family of Hom-type twistings of the M q (1|1)-comodule algebra structure on the mixed quantum plane (Example 8.9).
Let us first recall the various quantum planes and the quantum matrices coactions on them. The reader can consult [23, IV] for the standard quantum plane, [48, Ch.3] for the standard and the fermionic quantum planes, and [34, 4.5 and 10.2] for all three versions of the quantum planes. For the rest of this section, k is a field of characteristic 0 and q ∈ k is an invertible scalar with q 2 = −1.
Definition 8.1 (Quantum planes)
. Let x and y be non-commuting variables, and let k{x, y} be the free unital associative k-algebra generated by x and y.
(1) The standard quantum plane is the k-algebra
It has a k-linear basis {x i y j : i, j ≥ 0}. (2) The fermionic quantum plane is the k-algebra
It has a k-linear basis {1, x, y, xy}. (3) The mixed quantum plane is the k-algebra
It has a k-linear basis {x i y ǫ : i ≥ 0, ǫ ≤ 1}.
In the standard and the mixed quantum planes, the two generators satisfy the quantum commutation relation, yx = qxy (3.4.1). In particular, if q = 1, then the standard quantum plane A 2|0 q is exactly the affine plane k[x, y]. The fermionic quantum plane A 0|2 q is also known as the quantum super-plane, as in [48, Ch.3] . Note that the mixed quantum plane is a sort of halfway transition between the standard and the fermionic quantum planes. Indeed, A To describe the quantum matrices coactions on the quantum planes, let us recall the definition of a comodule algebra. The concept of a comodule algebra is discussed in many books on Hopf algebras and quantum groups, such as [1, p.138] , [23, III.7] , and [39, Ch.4] . Definition 8.2. Let H be a bialgebra and A be an associative algebra. An H-comodule algebra structure on A consists of an H-comodule structure ρ : A → H ⊗ A such that ρ is also a morphism of algebras. If ρ : A → H ⊗ A is an H-comodule structure map, we write ρ(a) = a H ⊗ a A for a ∈ A. Then ρ is a morphism of algebras if and only if To construct an H-comodule algebra structure on an algebra A, one can first construct an algebra morphism ρ : A → H ⊗A. Then one shows that ρ is an H-comodule structure map, i.e., (∆⊗Id)•ρ = (Id ⊗ ρ) • ρ, where ∆ is the comultiplication in H. Now we describe the usual quantum matrices comodule algebra structures on the quantum planes. Example 8.3 (Quantum symmetries on the quantum planes).
(1) Recall the quantum group M q (2) of quantum matrices from Example 3.4. For M q (2) we also assume that q 1 2 exists and is invertible. There is a M q (2)-comodule algebra structure on the standard quantum plane whose structure map ρ :
In other words, we have
One checks that ρ defines a morphism of algebras by observing that it preserves the quantum commutation relation, ρ(y)ρ(x) = qρ(x)ρ(y), using (3.4.1) and (3.4.3). That ρ gives the standard quantum plane A 2|0 q the structure of a M q (2)-comodule follows from the definition of the comultiplication ∆ on M q (2) (3.4.4). Indeed, using the matrix notations above, we have
This is enough to conclude that (∆ ⊗ Id) • ρ and (Id ⊗ ρ) • ρ are equal because both of them are algebra morphisms. (2) Similarly, there is a M q (2)-comodule algebra structure on the fermionic quantum plane whose structure map ρ :
is given by (8.3.1) again. As before, ρ is a morphism of algebras because it preserves the necessary relations, i.e., ρ(x) 2 = 0 = ρ(y) 2 and ρ(x)ρ(y) + qρ(y)ρ(x) = 0.
That ρ gives the fermionic quantum plane A 0|2 q the structure of a M q (2)-comodule follows from (8.3.2). (3) Recall the non-standard quantum group M q (1|1) from Example 3.8. There is a M q (1|1)-comodule algebra structure on the mixed quantum plane whose structure map ρ : In order to study Hom-type, non-(co)associative twistings of these quantum matrices comodule algebra structures on the quantum planes, let us define the Hom version of a comodule algebra.
Definition 8.4. Let (H, µ H , ∆ H , α H ) be a Hom-bialgebra and (A, µ A , α A ) be a Hom-associative algebra (Definition 2.2). An H-comodule Hom-algebra structure on A consists of an H-comodule structure ρ : A → H ⊗ A on A (Definition 7.2) such that (8.2.1) is satisfied.
Recall from Definition 7.2 that an H-comodule structure map ρ commutes with α. The condition (8.2.1) still makes sense in the Hom setting, and it says that ρ commutes with the multiplications µ in the obvious sense. Therefore, we can equivalently define an H-comodule Hom-algebra structure as an H-comodule structure ρ that is also a morphism of Hom-associative algebras, i.e., a linear map that commutes with both α and µ.
As in section 3, we now give a general twisting procedure by which a large family of comodule Hom-algebras can be constructed from any comodule algebra. This result will be applied to the quantum symmetries on the quantum planes (Example 8.3).
Theorem 8.5. Let (H, µ H , ∆ H ) be a bialgebra, and let (A, µ A ) be an H-comodule algebra with structure map ρ : A → H ⊗ A. Let α H : H → H be a bialgebra morphism, and let α A : A → A be an algebra morphism such that
Then the Hom-associative algebra
Proof. First we show that ρ α gives (A, α A ) the structure of an H α -comodule (Definition 7.2). That ρ α is comultiplicative (7.2.2) follows from (8.5.1). Next, the Hom-coassociativity (7.2.1) of ρ α means that
This equality is true by the following commutative diagram:
The lower-left triangle and the upper-right square are commutative by (8.5.1). The lower-right square is commutative because A is an H-comodule (in the usual sense) by assumption. We have shown that ρ α gives (A, α A ) the structure of an H α -comodule.
The condition (8.2.1) (with
This equality is true by the following commutative diagram, where
The upper-left square is commutative because α A is a morphism of algebras. The lower-right square is commutative by (8.5.1). The upper-right square is commutative because ρ : A → H ⊗ A is a morphism of algebras (8.2.1).
We will use Theorem 8.5 when ρ : A → H ⊗ A is one of the three types of quantum symmetries on the quantum planes. So we need suitable bialgebra morphisms on the quantum groups M q (2) and M q (1|1) and algebra morphisms on the quantum planes. We use the bialgebra morphisms α on M q (2) and M q (1|1) defined as in (3.4.8). Let us now describe the algebra morphisms on the quantum planes that are suitable for applying Theorem 8.5. Indeed, α is a well-defined algebra morphism because it preserves the quantum commutation relation, i.e.,
The corresponding Hom-associative algebra (Example 2.3)
is called a standard Hom-quantum plane. Since α depends on ξ and λ = 0, we can think of A 2|0 q,α as a 2-parameter, infinite family of Hom-associative algebra twistings of the standard quantum plane. With respect to the k-linear basis {x i y j } of A 2|0 q , the twisted multiplication µ α is given by
Indeed, we have 
is called a fermionic Hom-quantum plane. As above, we think of A 0|2 q,α as a 2-parameter, infinite family of Hom-associative algebra twistings of the fermionic quantum plane. With respect to the k-linear basis {1, x, y, xy}, the twisted operation µ α is given by the following multiplication is called a mixed Hom-quantum plane. As above, we think of A 1|1 q,α as a 2-parameter, infinite family of Hom-associative algebra twistings of the mixed quantum plane. The twisted multiplication µ α is given by the formula (8.6.3) (with j, l ≤ 1) because x and y in A 1|1 q also satisfy the quantum commutation relation, yx = qxy.
We are now ready to describe Hom-quantum symmetries on the Hom-quantum planes. Let us first consider the standard Hom-quantum planes (8.6.2). We claim that Theorem 8.5 applies in this situation, i.e., (8.5.1) holds.
Since both ρ • α and (α ⊗ α) • ρ are algebra morphisms, to check that they are equal it suffices to consider the algebra generators x and y in A On the algebra generators x and y, the twisted M q (2) α -coaction ρ α is given as in (8.7.2). Since A 0|2 q has a k-linear basis {1, x, y, xy}, in order to compute ρ α completely, it remains to compute ρ α (xy). We claim that ρ α (xy) = λ −1 ξ 2 det q ⊗ xy, (8.8.1)
where det q = ad − q −1 bc is the quantum determinant (3.5.1). Since α(xy) = λ −1 ξ 2 xy (by (8.7.5) with i = j = 1), to prove (8.8.1) it suffices to show ρ(xy) = det q ⊗ xy.
We prove this in the following computation, using the relations x 2 = y 2 = xy + qyx = 0 in A Finally, we can apply Corollary 7.6 to obtain a solution B α (7.6.1) of the HYBE for (A 0|2 q , α). q,α (8.6.5) is a M q (1|1) α -comodule Hom-algebra with structure map ρ α = ρ • α. This is a 2-parameter (ξ and λ = 0) family of comodule Hom-algebra twistings of the usual M q (1|1) quantum symmetry on the mixed quantum plane A 1|1 q . We can also apply Corollary 7.6 to obtain a solution B α (7.6.1) of the HYBE for (A In the second equality above, we used the relations y 2 = 0 and yx = qxy in A
1|1
q . In the third equality, we used the relations ba = qab and yx = qxy.
Likewise, to prove the second equality in (8.9.2), we compute as follows:
Now we obtain the second equality in (8.9.2) by applying the relation yx = qxy to the previous line. 
